Abstract. Let F be a eld of characteristic di erent from 2 and be an anisotropic 8-dimensional quadratic form over F with trivial determinant. We study the last open cases in the problem of describing the quadratic forms such that becomes isotropic over the function eld F ( ).
Introduction
Let F be a eld of characteristic di erent from 2 and let and be two anisotropic quadratic forms over F. An important problem in the algebraic theory of quadratic forms is to nd conditions on and so that F ( ) is isotropic. More precisely, one studies the question whether the isotropy of over F( ) is standard in a sense.
In this paper we consider the case where is an 8-dimensional anisotropic quadratic form with trivial determinant. Necessity of certain su cient conditions for isotropy of over F( ) was studied by A. Laghribi; we call the isotropy, caused by one of these conditions, L-standard:
De nition. Let and be anisotropic quadratic forms such that F ( ) is isotropic. Besides we suppose that dim = 8 and det = 1. We say that the isotropy of F ( ) is L-standard, if at least one of the following conditions holds:
there exists a half-neighbor of such that ; there exists a 5-dimensional subform 0 with the following two properties:
{ the form 0 is a P ster neighbor, { the form ( 0 ) F ( ) is isotropic.
Otherwise, we say that the isotropy is non-L-standard.
In the case when dim 5, the isotropy of F ( ) is always L-standard ( 18] , 17], see also 8]). The main result of our paper is the following Theorem. Let be an anisotropic 8-dimensional quadratic form with det = 1 and be a 4-dimensional quadratic form with det 6 = 1. Suppose that F ( ) is isotropic. Then the isotropy of F ( ) is L-standard except (possibly) the case ind C( ) = ind(C( ) F C 0 ( )) = 4.
For the case where dim = 3 or where dim = 4 and det = 1 see x8.
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1. Terminology and notation 1.1. Quadratic forms. Mainly, we use notation of 19] and 27]. However there is certain slight di erence: we denote by hha 1 ; : : : ; a n ii the n-fold P ster form h1; ?a 1 i h1; ?a n i. We denote by P n (F ) the set of all n-fold P ster forms; GP n (F ) is the set of the forms similar to a form from P n (F ). For any eld extension L=F, we denote by P n (L=F ) the set of forms from P n (F ) hyperbolic over L; GP n (L=F ) is the set of the forms similar to a form from P n (L=F ).
We recall that a quadratic form is called a (P ster) neighbor (of a P ster form ), if it is similar to a subform in and dim > 1 2 dim . Two quadratic forms and are half-neighbors, if dim = dim and there exists s 2 F such that the sum ?s is similar to a P ster form.
For a quadratic form of dimension 3, we denote by X the projective variety given by the equation = 0. We set F( ) = F(X ) if dim For a simple F-algebra A, we denote by ind(A) the Schur index of A. For an algebra B of the form B = A A with simple A, we set ind B = ind A. Let be a quadratic form. We denote by C( ) the Cli ord algebra of . By C 0 ( ) we denote the even part of C( ). Note that for any quadratic F-form and any central simple F-algebra D, the index of C 0 ( ) F D is well-de ned. For n = 0; 1; 2; 3, there is a homomorphism e n : I n (F ) ! H n (F ) which is uniquely determined by the condition e n (hha 1 ; : : : ; a n ii) = (a 1 ; : : : ; a n ) (see 1]).
The homomorphism e n is surjective and ker e n = I n+1 (F ) for n = 0; 1; 2; 3 (see 20] , 21], and 25]).
We also work with the cohomology groups H n (F; Q=Z(i)), (i = 0; 1; 2), de ned by B. Kahn (see 11] ). For n = 1; 2; 3, the group H n (F ) is naturally identi ed with Tors 2 H n (F; Q=Z(n ? 1)). 1.4. K-theory and Chow groups. For a smooth algebraic F-variety X, its Grothendieck ring is denoted by K(X). This ring is supplied with the ltration by codimension of support (also called the topological ltration).
We x an algebraic closure F of the base eld F and denote by X the Fvariety X F . If the variety X is projective homogeneous, we identify K(X) with a subring of K( X) via the restriction homomorphism which is injective by 22].
For a ring (or a group) with ltration A, we denote by G A the adjoint graded ring (resp., the adjoint graded group).
There is a canonical surjective homomorphism of the graded Chow ring CH (X) onto G K(X), its kernel consists only of torsion elements and is trivial in the 0-th, 1-st, and 2-nd graded components ( 28, x9] 
The left-hand side term is a nitely generated torsion-free abelian group, i.e. a free abelian group of nite rank. This rank coincides with the rank of the right-hand side term. Therefore, the map is an isomorphism.
We consider the subgroup K(X ) K(X D ) of K(X X D ) together with the ltration induced by the topological ltration on K(X X D ).
is an isomorphism of groups with ltrations. Proof. It is a homomorphism of groups respecting the ltrations. First of all let us check that it is an isomorphism of groups, regardless the ltrations. It is evidently an epimorphism. So, we only have to check the injectivity. Since for any extension of the base eld F, the restriction homomorphism on the product K(X ) K(X D ) is injective, it su ces to check the injectivity in a split situation. However, if D splits, then X D is isomorphic to a projective space;
To nish the proof, it is su ces to show that the homomorphism of the adjoint graded groups is injective. Consider the commutative diagram
The left hand side arrow is injective since the group G (K(X ) K(X D )) is torsion-free (Lemma 3.1) The upper arrow is injective because X D is isomorphic to a projective space. Therefore the bottom arrow is injective too.
We denote by C the even Cli ord algebra C 0 ( ). Let U(2) be the Swan's sheaf U on the quadric X ( 29, 
induced by the homomorphisms f + g, is surjective.
Proof. 1. Using the Swan's computation of the K-theory for quadrics 29, 
the left-hand side term is torsion-free (Corollary 3.3), we have an injection The right side hand element belongs to K(X X D ) (2) , because it is in K( X X D ) (2) and K(X X D ) (2) = K( X X D ) (2) \ K(X X D ) (see 26, Lemme 6.3, (i)]). Therefore, (s=2)x 2 (K(X X D )=(K(X ) K(X D ))) (2) (take into account that the coe cient s=2 is an integer).
We The right side hand element is in K(X X D ) 3 as a product of an element in K(X X D ) (2) and the element 1 (
. Therefore,
and it follows that the
) is generated by (s=2)x. So, in particular, this group is cyclic. (2) , because x 0 2 K( X 0 X D ) (2) and K(X 0 K(X D )) (2) = K( X 0 X D ) (2) \K(X 0 K(X D )).
Since the codimension of X 0 X D in X X D equals to 1, it follows that x 2 K(X X D ) (3) . Proof. By 9] there exists a eld k, a 6-dimensional quadratic form q and a 4-dimensional quadratic form over a eld k such that q is a k( )-minimal form. Now the required result follows from Lemma 7.3.
Isotropy over the function field of a conic
In this section we still assume that is an anisotropic 8-dimensional quadratic form of trivial determinant. We are interested in the question when is isotropic over the function eld of a quadratic form .
For the forms of dimension 5, the question was studied We do not know the answer to the following Question 8.4. Let be a 8-dimensional quadratic form with trivial determinant and be a 3-dimensional quadratic form such that F ( ) is isotropic. Is it always true that the isotropy is L-standard?
The answer is evidently positive in the case where ind C( ) = 1. It is not di cult to show that the answer is also positive in the case where ind C( ) = 2.
